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When linearly polarized light propagates through a medium in which elliptically polarized light
would undergo self-rotation, squeezed vacuum can appear in the orthogonal polarization. A simple
relationship between self-rotation and the degree of vacuum squeezing is developed. Taking into
account absorption, we find the optimum conditions for squeezing in any medium that can produce
self-rotation. We then find analytic expressions for the amount of vacuum squeezing produced by an
atomic vapor when light is near-resonant with a transition between various low-angular-momentum
states. Finally, we consider a gas of multi-level Rb atoms, and analyze squeezing for light tuned
near the D-lines under realistic conditions.
PACS numbers: 42.50.Dv, 42.50.Gy, 42.50.Ar, 32.60.+i
I. INTRODUCTION
Quantum fluctuations are the main factor limiting the
precision of many measurements and the signal-to-noise
ratio in optical communication. However, shot-noise is
not a fundamental restriction on the precision of an
optical measurement if nonclassical states of light are
used [1, 2, 3, 4, 5, 6]. For example, squeezed vacuum has
been used to improve the performance of optical inter-
ferometers beyond the shot-noise limit [7, 8]. A number
of techniques for producing squeezed states of light using
nonlinear optics have been developed (see, e.g., Ref. [9]
and references therein).
It has been known for some time that if linearly polar-
ized light propagates through a medium that can produce
nonlinear self-rotation (SR) of elliptically polarized light
(see, e.g., Refs. [10, 11, 12, 13, 14] and references therein),
the light will be in a squeezed state after traversal of the
medium if losses in the medium are sufficiently small. A
detailed theoretical study of this effect for a generic Kerr
medium without absorption was carried out in Ref. [15].
It can be difficult to achieve efficient squeezing in a realis-
tic Kerr medium because of the absorption and scattering
of light. Nonetheless, squeezed electromagnetic vacuum
was recently produced in a nonbirefringent optical fiber
in which elliptically polarized light undergoes SR [16].
In this paper, we derive a simple formula for the
amount of squeezing generated by a medium which ex-
hibits self-rotation, including the effects of absorption
(which acts to diminish the squeezing). In atomic va-
pors, one can take advantage of resonant enhancement
of self-rotation (as well as coherence and interference ef-
fects [17, 18, 19, 20, 21, 22, 23, 24, 25]) to create a
medium in which there is large SR and small absorp-
tion. Employing density-matrix calculations, we analyze
vacuum squeezing of resonant light in some low-angular-
momentum atomic systems and in atomic rubidium. We
find that under readily achievable experimental condi-
tions, vacuum squeezing of about 8 dB can be expected.
II. RELATIONSHIP BETWEEN
SELF-ROTATION AND VACUUM SQUEEZING
Before embarking on the calculations, we present a
qualitative explanation of why self-rotation leads to
squeezing. Suppose that we have a strong linearly po-
larized (along yˆ) light field propagating in the zˆ direc-
tion through a medium in which elliptically polarized
light would undergo SR. Also suppose there is a weak
co-propagating x-polarized light field. In general, the
resultant field is elliptically polarized and the principal
axis of the polarization ellipse will rotate upon propa-
gation through the medium. This rotation projects a
portion of the strong field along xˆ. Depending on the
relative phase between the orthogonally-polarized strong
and weak input fields, the x-polarized output field can
be amplified or attenuated compared to the weak input
field (phase-sensitive gain or loss). In the latter case, we
have a negative feedback mechanism which reduces the
field along xˆ. This analysis applies even when the weak
input field is solely due to vacuum fluctuations.
To describe squeezing that accompanies propagation of
light through a nonlinear SR-medium, we first introduce
a phenomenological description of SR. The interaction of
light of ellipticity ǫ with an atomic medium of length ℓ
can induce circular birefringence and linear dichroism in
the medium. This results in rotation by an angle ϕ of
the principal axis of the light polarization ellipse. Mech-
anisms for SR have been discussed in, e.g., Ref. [11]. For
optically thin media and small initial ellipticity ǫ(0)≪ 1,
the principal axis of the polarization ellipse rotates by an
angle
ϕ = gǫ(0)ℓ, (1)
where we have defined an SR parameter g that, for a
2given atomic medium, depends only on the incident light
intensity and frequency. Because the initial ellipticity of
the light field is small, ϕ≪ 1. We also assume that ǫ does
not change significantly as light propagates through the
medium (i.e., ǫ is independent of z, so that ǫ(0) = ǫ(ℓ) =
ǫ), an assumption that we will later show is justified in
concrete examples considered in Secs. IV and VI.
The absorption of light by the medium is characterized
by the parameter α; the light intensity I(z) as a function
of the distance z the light has propagated through the
medium is given by I(z) = I(0) exp (−αz).
The parameters g and α can be measured or calculated
(see Refs. [11, 12, 13, 14] and Secs. III and IV); knowl-
edge of these two parameters allows one to calculate the
amount of vacuum squeezing produced by a given system,
in the following manner. Consider a monochromatic light
field E(z, t) propagating in the zˆ direction represented by
E(z, t) = Ex(z, t)xˆ+ Ey(z, t)yˆ
Ex(z, t) = Ex(z) cos [kz − ωt+ φ(z)]
Ey(z, t) = Ey(z) cos (kz − ωt)
(2)
where Ex(z) and Ey(z) are the real positive amplitudes
of the x− and y−polarized components of the electro-
magnetic field, ω is the light frequency, k = ω/c is the
vacuum wave number, and φ(z) is the relative phase be-
tween the two components. The light field can also be
written in terms of its positive- and negative-frequency
components, E+x,y(z, t) and E
−
x,y(z, t), where
E+(z, t) =
Ex(z)
2
ei[kz−ωt+φ(z)]xˆ+
Ey(z)
2
ei(kz−ωt)yˆ
E−(z, t) =
Ex(z)
2
e−i[kz−ωt+φ(z)]xˆ+
Ey(z)
2
e−i(kz−ωt)yˆ .
(3)
The ellipticity ǫ of the light field is given by (see, e.g.,
Ref. [29])
ǫ =
1
2
arcsin
i
(
E−x E
+
y − E−y E+x
)
|Ex|2 + |Ey|2
. (4)
Assuming that Ey(z)≫ Ex(z), we have for the ellipticity
ǫ(z),
ǫ(z) ≈ Ex(z)Ey(z) sinφ(z). (5)
First we consider an SR-medium of length ℓ where ab-
sorption is negligible (αℓ ≈ 0), and relate the optical
fields at the output to the input fields, using Eq. (1). For
simplicity, we deal only with the positive-frequency com-
ponents of the optical electric field. The output fields
E+x (ℓ) and E
+
y (ℓ) are then given by[
E+x (ℓ)
E+y (ℓ)
]
≈
[
1 ϕ
−ϕ 1
] [
Ex(0)eiφ(0)
Ey(0)
]
ei(kℓ−ωt). (6)
The positive-frequency part of the x-polarized compo-
nent of the output field is given by
E+x (ℓ) ≈
[
Ex(0)eiφ(0) + gℓǫ(0)Ey(0)
]
ei(kℓ−ωt). (7)
Employing the expression for the ellipticity, Eq. (5), in
Eq. (7), we obtain
E+x (ℓ) ≈ Ex(0)ei(kℓ−ωt)
[
eiφ(0) + gℓ sinφ(0)
]
. (8)
In order to describe squeezing of vacuum fluctuations,
one must use a quantum-mechanical description of the
light field. We introduce the quantum-mechanical opera-
tor Eˆx for a monochromatic x-polarized light field, which
can be written in terms of the photon annihilation and
creation operators, aˆx and aˆ
†
x, respectively, as (see, e.g.,
Ref. [3])
Eˆx =
E0
2
[
aˆxe
i(kz−ωt) + aˆ†xe
−i(kz−ωt)
]
, (9)
where E0 is the characteristic amplitude of unsqueezed
vacuum fluctuations [2, 3, 4, 6]. The creation and anni-
hilation operators satisfy the commutation relations:[
aˆλ, aˆ
†
λ′
]
= δ(λ, λ′)
[aˆλ, aˆλ′ ] = 0,
(10)
where λ refers to the mode (light frequency and polariza-
tion) and δ(λ, λ′) is the Kronecker-delta symbol. When
one is interested in the behavior of a multimode field,
one can carry out a sum or integral over the appropri-
ate modes (see, e.g., Refs. [6, 26]). Such an approach is
important in situations where the squeezing is frequency
dependent over the bandwidth of the light. Here, we as-
sume that SR does not vary over the bandwidth of the
light and that the measurement time is much longer than
the inverse of the spectral width of the SR features, so
for simplicity, we consider a single-mode field and make
use of Eq. (9).
Since the degree of squeezing is phase dependent, in
an experiment it is necessary to use a phase-sensitive de-
tection technique (such as a balanced-homodyne scheme
[3]). In such a scheme one measures the electromagnetic
field at a particular phase χ with respect to a local oscil-
lator. The phase-dependent electric-field operator (see,
e.g., Ref. [3]) is given by
Eˆx(χ, z) =
E0
2
[
aˆx(z)e
iχ + aˆ†x(z)e
−iχ
]
, (11)
where we have assumed that the frequency of the local
oscillator is the same as that of the monochromatic light
wave, and χ is the time-independent phase difference be-
tween the local oscillator and the electromagnetic field at
the output.
In analogy with the classical formulae for ellipticity,
Eqs. (4) and (5), we introduce an ellipticity operator ǫˆ
3for a nearly y-polarized light beam:
ǫˆ(z) = E0 aˆx(z)− aˆ
†
x(z)
2iEy(z) , (12)
where aˆx(z) and aˆ
†
x(z) are the photon annihilation and
creation operators at position z. This operator gives the
ratio of the component of Ex out-of-phase with Ey to Ey.
Indeed, supposing that the x-polarized field component
is a coherent state |η〉 (which is an eigenstate of the anni-
hilation operator with eigenvalue η = |η| eiφ) at position
z, we can use the above operator to reproduce Eq. (5):
ǫ = 〈ǫˆ〉
= 〈η|E0
[
aˆx(z)− aˆ†x(z)
]
2iEy(z) |η〉
=
E0
2iEy(z) (η − η
∗)
=
|η| E0
Ey(z) sinφ(z)
=
Ex(z)
Ey(z) sinφ(z).
(13)
In analogy to Eq. (7), we have for the x-polarized op-
tical electric field after propagation through the vapor of
length ℓ
Eˆ+x (ℓ) =
E0
2
{
aˆx(0) +
igℓ
2
[
aˆ†x(0)− aˆx(0)
]}
eiχ. (14)
It is useful to write the output field operator Eˆx(ℓ) in
terms of its own set of creation and annihilation operators
as in Eq. (11), in which case the annihilation operator
aˆx(ℓ) at the output of the medium is given by
aˆx(ℓ) = aˆx(0) +
igℓ
2
[
aˆ†x(0)− aˆx(0)
]
. (15)
Let us calculate what happens to the x-polarized vac-
uum field when light that is linearly polarized along
y propagates through the atomic vapor, assuming that
there is no absorption (α = 0). By using our expres-
sion for aˆx(ℓ) from Eq. (15) in Eq. (11), we find that
the phase-dependent operator describing the x-polarized
field after propagation through the atomic medium is
Eˆx(χ, ℓ) =
E0
2
aˆx(0)
(
eiχ − igℓ cosχ)+ E0
2
aˆ†x(0)
(
e−iχ + igℓ cosχ
)
. (16)
If the input x-polarized field is the vacuum state |0〉, then
the expectation value of the output field 〈Eˆx(χ, ℓ)〉 = 0.
However, 〈Eˆx(χ, ℓ)2〉 is nonzero, so the quantum fluctu-
ations in Ex(χ, ℓ), given by〈
∆Ex(χ, ℓ)
2
〉
=
〈
Eˆx(χ, ℓ)
2
〉
−
〈
Eˆx(χ, ℓ)
〉2
=
〈
Eˆx(χ, ℓ)
2
〉
=
E20
4
(
1− 2gℓ sinχ cosχ+ g2ℓ2 cos2 χ)
(17)
are phase dependent, and for a particular choice of the
phase χ can be made smaller than the fluctuations of the
vacuum field (E20/4). Fig. II shows the quantum fluctu-
ations
〈
∆E2x
〉
/
(E20/4) [Eq. (17)] as a function of χ for
the case of gℓ = 5, illustrating that there is a restricted
range of phases for which large squeezing is obtained.
The optimum phase of the local oscillator for squeezing
is found by setting
∂
∂χ
〈
[∆Ex(χ, ℓ)]
2
〉
= 0. (18)
We have:
2 cos 2χ+ gℓ sin 2χ = 0, (19)
FIG. 1: Quantum fluctuations 〈∆E2x〉/
(
E20/4
)
as a function
of the local oscillator phase χ for the case of zero absorption
(α = 0) and gℓ = 5.
so that the optimum phase χopt is
χopt =
1
2
arctan
(
− 2
gℓ
)
+
(
n+
1
2
)
π (20)
where
n = 1, 2, 3, . . . (21)
4The minimum fluctuations in the x-polarized output field
are
〈
[∆Ex(χopt, ℓ)]
2
〉
=
E20
4
[
1 +
g2ℓ2
2
− 2 + g
2ℓ2/2√
1 + 4/ (g2ℓ2)
]
.
(22)
In the limit where gℓ≫ 1, we obtain
〈
[∆Ex (χopt, ℓ)]
2
〉
≈ E
2
0
g2ℓ2
. (23)
In general, since the creation and annihilation opera-
tors do not commute [Eq. (10)], there is an uncertainty
relationship between the fluctuations measured at a lo-
cal oscillator phase of χ and a phase χ + π/2 (see, e.g.,
Ref. [3]):
〈
[∆Ex (χ, ℓ)]
2
〉〈
[∆Ex (χ+ π/2, ℓ)]
2
〉
≥
(E20
4
)2
(24)
If Eq. (24) is satisfied as an equality for some phase χ,
then the electromagnetic field is said to be in a minimum-
uncertainty state. In this sense, the squeezed vacuum
state produced by SR is a minimum-uncertainty state,
as can be seen by choosing χ = χtextopt in Eq. (24).
We now turn to SR-media that also have nonzero ab-
sorption. One can model a medium with small total
absorption in the following way. We assume that we
have an ideal transparent SR-medium. After passing
through this medium, a beamsplitter reflects a small frac-
tion of the light away. At the same time, vacuum fluctu-
ations enter through the dark port of the beamsplitter.
Thus the squeezed vacuum is attenuated by an amount
e−αℓ ≈ 1 − αℓ while 1 − e−αℓ ≈ αℓ of noise is added in
quadrature. Equation (23) becomes
〈
[∆Ex (χopt, ℓ)]
2
〉
≈ E
2
0
4
(
4
g2ℓ2
+ αℓ
)
. (25)
We would like to optimize squeezing with respect to ℓ, so
we set
∂
∂ℓ
〈
[∆Ex (χopt, ℓ)]
2
〉
= 0, (26)
from which we obtain the optimum number of absorption
lengths:
αℓopt = 2
(
α
g
)2/3
. (27)
Substituting the value of ℓopt from Eq. (27) into
Eq. (25) and taking the limit where g/α ≫ 1, we ob-
tain
〈
[∆Ex (χopt, ℓopt)]
2
〉
≈ 3E
2
0
4
(
α
g
)2/3
. (28)
The squeezing parameter s is the ratio of the amplitudes
of the quantum fluctuations after and before light prop-
agates through the SR-medium:
s =
√√√√ E20/4〈
[∆Ex (χopt, ℓopt)]
2
〉 . (29)
The reason that s is the relevant parameter describing
squeezing is that in order to take advantage of the re-
duced noise in the vacuum field, one must interfere the
squeezed vacuum with another field of nonzero ampli-
tude. Then the dominant noise contribution due to the
vacuum appears as a cross term between the real and
vacuum field amplitudes. In such a scenario, s repre-
sents the improvement in the signal-to-noise ratio over
the shot-noise limit.
From Eq. (28), we find:
s =
1√
3
( g
α
)1/3
. (30)
Equation (30) represents a general result for the optimal
(with respect to local oscillator phase χ and path length
ℓ) vacuum squeezing obtainable in an SR-medium with
small total absorption.
In this article, numerical values for s are given in dB,
obtained by taking 10 log10 s.
Often, it is useful to characterize the light field in terms
of the Stokes parameters, given in terms of the positive
and negative frequency components of the field by (see,
e.g., Ref. [29]):
S0 = E
+
x E
−
x + E
+
y E
−
y ≈ |Ey|2
S1 = E
+
x E
−
x − E+y E−y ≈ − |Ey|2
S2 = E
+
x E
−
y + E
−
x E
+
y ≈ Ey
(
E+x + E
−
x
)
S3 = i
(
E+x E
−
y − E−x E+y
) ≈ iEy (E+x − E−x ) ,
(31)
so, in the case considered here, we obtain squeezing in
particular combinations of the S2 and S3 Stokes param-
eters.
III. DESCRIPTION OF THE
DENSITY-MATRIX CALCULATION
In order to determine the vacuum squeezing produced
by a given atomic system, we perform a calculation of
the parameters g and α based on a standard density-
matrix approach. The time evolution of the atomic den-
sity matrix ρ under the action of the light-atom interac-
tion Hamiltonian HL = −E · d, where E is the electric
field vector, and d is the dipole operator, is given by the
Liouville equation (see, e.g., Ref. [27]):
dρ
dt
=
1
ih¯
[H, ρ]− 1
2
{Γ, ρ}+ Λ, (32)
5where the square brackets denote the commutator and
the curly brackets the anticommutator, and the total
Hamiltonian H is the sum of HL and the unperturbed
Hamiltonian H0. Γ is the relaxation matrix (diagonal in
the collision-free approximation)
〈ξJm|Γ|ξJm〉 = γ + γ0δ (ξ, ξe) , (33)
where γ and γ0 are the ground state depolarization rate
and the spontaneous decay rate from the upper state,
respectively, and ξ represents the quantum number dis-
tinguishing the ground state (ξg) from the excited state
(ξe). Λ = Λ
0 + Λrepop is the pumping term, where the
diagonal matrix
〈ξgJgm|Λ0|ξgJgm〉 = γρ0
(2Jg + 1)
(34)
describes incoherent ground state pumping (ρ0 is the
atomic density), and
〈ξgJgm|Λrepop|ξgJgm′〉 = γ0
∑
me,m′e,q
〈Jg,m, 1, q|Je,me〉〈Jg,m′, 1, q|Je,m′e〉ρξeJemeξeJem′e , (35)
describes repopulation due to spontaneous relaxation
from the upper level (see, e.g., Ref. [28]). Here 〈. . . | . . . 〉
are the Clebsch-Gordan coefficients.
The electric field vector is written (see, e.g., Ref. [29])
E =
1
2
[
E0e
iφ (cosϕ cos ǫ− i sinϕ sin ǫ) ei(ωt−kz) + c.c.
]
xˆ
+
1
2
[
E0e
iφ (sinϕ cos ǫ + i cosϕ sin ǫ) ei(ωt−kz) + c.c.
]
yˆ,
(36)
where E0 is the electric field amplitude, ϕ is the polar-
ization angle, and φ is the overall phase. By substituting
(36) into the wave equation(
ω2
c2
+
d2
dz2
)
E = −4π
c2
d2
dt2
P, (37)
where P = Tr ρd is the polarization of the medium, the
absorption, rotation, phase shift, and change of elliptic-
ity per unit distance for an optically thin medium can
be found in terms of the density matrix elements (these
expressions are given in Ref. [11]).
IV. ANALYSIS FOR Jg = 1/2→ Je = 1/2, 3/2
SYSTEMS
Using the rotating-wave approximation, we solve
Eq. (32) for a closed Jg = 1/2 → Je = 1/2 transition
(an X-system, Fig. 2); analytic solutions for the optical
response are readily obtained in this case. We assume ho-
mogeneous broadening, since, as will be shown later, the
homogeneous width due to power broadening exceeds the
Doppler width under the conditions where large vacuum
squeezing is obtained. This simple system can be real-
ized experimentally in a number of different ways. For
example, at light powers high enough so that hyperfine
effects can be neglected, the D1 line in alkali atoms can
be treated as a simple 1/2 → 1/2 system. Also, SR in
this system was studied theoretically and experimentally
FIG. 2: Schematic energy level diagram for the X-system
(Jg = 1/2 → Je = 1/2 transition). γ denotes the relax-
ation rate of ground state atomic polarization; γ0 denotes the
homogeneous width of the upper state; σ+ and σ− represent
the left- and right-circularly polarized components of the light
field, whose frequency is detuned by ∆ from resonance.
in Ref. [12], where K atoms were employed and He buffer
gas was used to collisionally broaden the 42S1/2 → 42P1/2
transition to remove hyperfine effects.
The solutions can be simplified by assuming that γ ≪
γ0. For the absorption coefficient α as a function of
light frequency detuning ∆ and in terms of the optical-
pumping saturation parameter
κ =
d2E20
γγ0
, (38)
where d is the reduced electric-dipole matrix element, we
find:
α (κ,∆) ≈ α0
1 + 4 (∆/γ0)
2 + (γ/γ0) (κ/3)
, (39)
6where α0 = α(0, 0) is the unsaturated absorption coeffi-
cient on resonance, given by
α0 =
n
2π
λ2
2Je + 1
2Jg + 1
, (40)
where n is the atomic density and λ is the wavelength
of the light. As a function of ∆, α (κ,∆) is a power-
broadened Lorentzian profile. For the self-rotation pa-
rameter g, we find:
g (κ,∆) ≈ 2
9
α(κ,∆)κ∆/γ0
1 + 4 (∆/γ0)
2
+ κ/9
. (41)
From Eq. (41), we see that at low light powers (κ ≪
1), SR increases linearly with light intensity. At high
light intensities (κ ≫ 1), g falls off as κ−1. We also
note that while α is an even function of detuning, g is
antisymmetric with respect to ∆.
From these expressions we find the squeezing s
[Eq. (30)], optimized in terms of the sample length ℓ and
the local oscillator phase χ,
s (κ,∆) ≈ 1
3
[
2√
3
κ∆/γ0
1 + 4 (∆/γ0)
2 + κ/9
]1/3
. (42)
The detuning that maximizes s for a given κ is
∆opt =
γ0
2
√
1 + κ/9 . (43)
The optimum detuning increases with light intensity due
to power broadening. Substituting ∆opt into Eq. (42)
and taking the limit of large light power gives the best
possible squeezing as a function of light power:
s (κ,∆opt) ≈
( κ
972
)1/6
=
(
d2E20
972γ0γ
)1/6
.
(44)
The number of unsaturated absorption lengths on reso-
nance required to produce this squeezing can be obtained
using Eq. (27):
α0ℓopt ≈ 2
[
α(κ,∆opt)
g(κ,∆opt)
]2/3
α0
α(κ,∆opt)
≈
(
4
√
2
9
κ
)2/3
.
(45)
Performing a similar analysis for a closed Jg = 1/2→
Je = 3/2 transition, corresponding to theD2 line in alkali
atoms, one obtains
s (κ,∆opt) ≈
( κ
7776
)1/6
α0ℓopt ≈
(
4
√
2
9
κ
)2/3
,
(46)
which is, up to a numerical factor for s, the same as for
the X-system.
An important assumption in our derivation of Eq. (30)
was that the ellipticity of the light does not change sig-
nificantly as the light propagates through the atomic
medium. Now we can justify this assumption for the
cases considered in the present section. There are two
mechanisms which can cause “self-elliptization” (SE) of
the light field: linear birefringence and circular dichro-
ism. In general, because dichroic effects are related to
the absorptive properties of the medium and we are al-
ways in a regime where αℓ is small, SE caused by circular
dichroism is negligible. In Ref. [11], there are two physi-
cal mechanisms identified as possible causes of SR for sys-
tems with Jg = 1/2: optical pumping and ac Stark shifts,
both of which lead only to circular dichroism. Thus SE
can be neglected in the present cases. For the X-system,
the change in ellipticity δǫ is described by
δǫ
ǫ(0)ℓ
≈ 2
9
α(κ,∆)κ
1 + 4 (∆/γ0)
2
+ κ/9
. (47)
We see that SE is suppressed by a factor of γ0/∆ com-
pared to SR [Eq. (41)]. Under optimum conditions for
squeezing (see Sec V) and κ ≫ 1, γ0/∆ ∼ 6/
√
κ – con-
firming that SE is negligible in our case. These arguments
also show why in the present cases SE is not an effective
mechanism for producing squeezed vacuum in one of the
circular components of the light field.
V. ESTIMATE OF ACHIEVABLE VACUUM
SQUEEZING
First we consider the vacuum squeezing attainable by
using a buffer-gas-free cell without antirelaxation wall
coating. Generally, for a given laser power, a smaller
beam diameter results in higher κ and better squeezing
[30]. For a reasonably attainable 1-W, 100-µm-diameter
laser beam, the light electric field amplitude is ∼3 kV/cm
and the effective ground state relaxation rate resulting
from the transit of atoms through the laser beam is ∼3
MHz. For the Rb D1 line (which at these light intensities
is effectively an X-system), κ ≈ 108 and s ≈ 8.4 dB
[Eq. (44), Fig. 3]. From Eq. (45), we see that to obtain
this level of squeezing, one must use a relatively dense
atomic vapor (α0ℓ ≈ 2 × 105, for a cell of length 10 cm,
this corresponds to a density of ∼1013 atoms/cm3).
Various techniques can be considered to reduce the
ground state relaxation rate in order to produce larger
κ, and therefore, in principle, improve vacuum squeez-
ing. Cold atom traps (in particular far-off-resonant, blue-
detuned optical dipole traps) can produce alkali vapors
with ground state relaxation rates ∼ 0.1 Hz [31], but the
densities achieved to date are too low to obtain the re-
quired optical thickness for optimum squeezing. In order
to achieve s ≃ 8 dB with cold alkali atoms, for a 100 µm
long trap (with cross-sectional area of 30 µm×30 µm),
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FIG. 3: Plots of (a) absorption coefficient α times path length
ℓ, (b) self-rotation parameter g [Eq. (1)] times path length ℓ,
and (c) vacuum squeezing in dB for an X-system (Rb D1 line
at high light power in a buffer-gas-free, uncoated vapor cell).
Light power is 1 W, beam diameter is 100 µm, atomic density
is 1013 atoms/cm3, and cell length ℓ = 10 cm.
one would need ∼1010 atoms in the trap, which is be-
yond present capabilities.
Alternatively, buffer gas can be used to reduce the
ground state relaxation rate by lengthening the transit
time of atoms through the light beam. The transit time
can be increased until the point where the diffusion rate
equals the relaxation rate due to depolarizing collisions
with the buffer gas. Under conditions where the tran-
sit time is determined by diffusion, the relaxation rate of
ground state polarization is
γ′ ≈ D
x2
+ a1nb, (48)
where x is the light beam diameter, nb is the buffer gas
density, a1 is a constant describing the rate of depolar-
izing collisions, and D ≈ v/(3nbσ) is the diffusion coeffi-
cient (v is the average atomic velocity and σ is the cross
section for elastic collisions). In addition, one must also
take into account the increase in the homogeneous width
of the atomic transition due to pressure broadening. The
homogeneous width is given by
γ′0 = γ0 + a2nb, (49)
where a2 is a constant describing the pressure broadening
rate. Thus, for a given light power and beam diameter,
the ratio of κ′ = d2E20/(γ
′
0γ
′) to κ for a buffer-gas-free
cell [Eq. (38)] is
κ′
κ
=
γ0γ
γ′0γ
′
≈ γ0γ
[v/ (3nbσx2) + a1nb] (γ0 + a2nb)
, (50)
where we note again that κ′ is calculated in the diffusion-
limited regime. We see from Eq. (50) that for nb too
large, κ′/κ is less than one, so there is in fact an op-
timum buffer gas pressure at which squeezing is maxi-
mized. For typical values of cross sections for the relax-
ation of atomic polarization in alkali–noble-gas collisions
[32] and pressure broadening [33], we estimate the maxi-
mum achievable κ′/κ to be about 2–3. Thus buffer-gas-
filled cells do not appear to allow substantial improve-
ment in squeezing at high light powers.
Antirelaxation-coated vapor cells can also be used to
drastically decrease the relaxation rate of ground state
atomic polarization in the alkalis [34, 35, 36, 37, 38, 39].
In order to obtain optimal squeezing in, e.g., a 10 cm
diameter paraffin-coated cell, estimates show that the re-
quired atomic density is n >∼ 1013 atoms/cm3 [Eq. (45)].
In this high-density regime, γ is primarily due to spin-
exchange collisions between the alkali atoms instead of
collisions with the wall, which greatly diminishes the ad-
vantages of using paraffin coating. The relatively fast
relaxation due to spin-exchange collisions significantly
reduces the probability that an atom retains its polar-
ization upon returning to the beam after travelling about
the cell – thereby reducing SR related to coherence effects
[11]. These factors indicate that one cannot generate
significantly better squeezing via SR by using paraffin-
coated cells.
Thus, at present, no system considered above offers
significant improvement in vacuum squeezing via SR
compared to buffer-gas-free, uncoated alkali vapor cells.
However, we note that improvements in the experimental
techniques discussed may change this conclusion in the
future.
VI. CALCULATION FOR THE 87Rb D-LINES
Recent experiments [11, 13] have studied SR in Rb va-
pors at lower light intensities than considered in Sec. V.
We have performed density matrix calculations (Sec. III
and Ref. [11]) for conditions achievable in these experi-
ments. Since our formula for the squeezing parameter s
[Eq. (30)] is based on the assumptions that gℓ ≫ 1 and
αℓ≪ 1, we are restricted to light intensities and frequen-
cies where these conditions are satisfied. In addition, our
density matrix calculation treats ground state hyperfine
levels individually. Thus the calculations are not valid
for light intensities so high that the ground state hyper-
fine structure is not resolved. In order to use the highest
possible laser intensity in the calculation, we study the
D1 and D2 lines of 87Rb, which has larger ground state
hyperfine separation than 85Rb. The results of these cal-
culations are shown in Figs. 4, 5, and 6.
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FIG. 4: Plots of (a) absorption coefficient α times path length
ℓ, (b) self-rotation parameter g [Eq. (1)] times path length
ℓ, and (c) vacuum squeezing in dB for the 87Rb D1 line.
Atomic density is chosen to be n = 1012 atoms/cm3 to obtain
the maximum possible squeezing for the given light power
(10 mW) and light beam diameter (0.03 cm), as described in
text. The Doppler width is 2π × 306 MHz.
In figures 4 and 5, we choose laser power equal to
10 mW (readily obtainable with the tunable diode laser
systems employed in Refs. [11, 13]) and beam diameter
0.03 cm, which results in the highest light intensity pos-
sible while still resolving the ground state hyperfine lines
(∼104 mW/cm2 [40]). Assuming a 10-cm-long vapor cell,
we find the atomic density for which the squeezing is
globally maximized (with respect to light detuning) by
finding the light frequency where g/α is maximized, then
fixing the density according to Eq. (27). As can be seen,
even with these modest parameters, squeezing of up to
6 dB can be obtained.
The density-matrix calculations also show that self-
ellipticity effects are small for the D1 and D2 lines of
87Rb under these conditions. This verifies that the as-
sumptions in the derivation of Eq. (30) are satisfied.
At sufficiently high light intensities, the hyperfine ef-
fects can be neglected, and the D1 line becomes an X-
system, while the D2 line becomes a Jg = 1/2 → Je =
3/2 system, so the analysis of Sec. IV applies. The inter-
mediate regime, where the hyperfine levels are not fully
resolved but hyperfine effects can not be neglected, is be-
yond the scope of the present work. Figure 6 shows the
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FIG. 5: Plots of (a) absorption coefficient times path length
(αℓ), (b) self-rotation parameter times path length (gℓ), and
(c) vacuum squeezing in dB for the 87Rb D2 line. Atomic
density is chosen to be n = 2× 1011 atoms/cm3 to maximize
squeezing for the given light power (10 mW) and light beam
diameter (0.03 cm), as described in text. The Doppler width
is 2π × 306 MHz.
maximum squeezing as a function of κ for the X-system
and the 87Rb D1 and D2 lines for a range of κ where the
Rb calculations are valid. It is interesting to note that,
for this range of κ, the squeezing in Rb can be somewhat
larger than that obtained for the X-system.
The significant vacuum squeezing that can be obtained
in the Rb D-lines at these relatively low light powers in-
dicates the presence of an enhancement mechanism for
squeezing. One possible cause of this enhancement is
the effect of ground state atomic coherence, which is not
present in the Jg = 1/2 → Je = 1/2 and Jg = 1/2 →
Je = 3/2 systems considered in Sec. IV. Recent research
on electromagnetically induced transparency (EIT) and
coherent population trapping has shown that it is possi-
ble to have large nonlinear couplings with very small ab-
sorption (see, e.g., Refs [19, 41, 42]) in related systems.
Thus, according to Eq. (30), one could expect that sys-
tems where ground state atomic coherence played a sig-
nificant role would be favorable for squeezing. There are
also SR mechanisms involving multiple hyperfine transi-
tions [11] that play a role in the Rb D-lines at low light
power which are not present for the systems considered
in Sec. IV. Further analysis is required to determine the
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FIG. 6: Comparison of squeezing as a function of the satura-
tion parameter κ for the X-system (dashed line) to squeezing
for the (a) 87Rb D1 line and (b) 87Rb D2 line. The dot-dashed
lines represent squeezing for F = 1→ F ′ transitions and the
solid lines represent squeezing for F = 2 → F ′ transitions.
The range of κ is chosen so that the ground-state hyperfine
levels can be treated independently, as discussed in the text.
exact physical mechanism for enhancement of squeezing
in this particular case. Recently, in Ref. [43], vacuum
squeezing via SR has been analyzed in the case of the
double-Λ system, a model system in which atomic coher-
ence and interference effects as well as multi-transition
effects play important roles.
Stimulated Raman scattering (SRS) may limit the light
intensity which can be used, since for sufficiently high
light intensities, SRS can convert a significant portion
of the incident light power into new frequencies. In ad-
dition to the depletion of the input light beam, nonlin-
ear instabilities associated with SRS may introduce extra
noise. Estimates indicate that the parameters employed
in the calculations yielding Figs. 4 and 5 are in the regime
where SRS becomes significant, so additional analysis is
required to determine the manner in which SRS affects
the obtainable squeezing.
In a complete analysis of the noise properties of the
light field, in addition to the absorptive properties of the
atomic medium, one must account for the effect of the
quantum noise of atomic states (see, e.g., Refs. [44, 45]).
Estimates indicate that in the high light power, high
atomic density regime where the best vacuum squeezing
is obtained (see also Sec. V), noise related to these effects
is small enough that it should not degrade the predicted
squeezing.
VII. CONCLUSION
We have shown that when linearly polarized light prop-
agates through a medium in which there is nonlinear
self-rotation of elliptically polarized light, the vacuum
electromagnetic field in the orthogonal polarization is
squeezed. We have derived a simple expression [Eq. (30)]
for the ratio of the amplitude of vacuum fluctuations at
the output of the medium to those at the input under
optimum conditions. Density matrix calculations per-
formed for relatively simple atomic systems indicate that
under realistic conditions it should be possible to achieve
s ≈ 8 dB. We have compared various experimental sys-
tems, such as trapped and cooled atoms and buffer-gas-
filled cells, finding that with presently achievable exper-
imental parameters, none of the considered techniques
offer substantial improvement over buffer-gas-free vapor
cells. We have also performed calculations showing that
vacuum squeezing of up to 6 dB should be achievable
in vapors of 87Rb with the experimental setups used in
Refs. [11, 13].
Squeezed vacuum allows one to surpass the shot-noise
limit in polarimetry [8]. The proposed technique is a sim-
ple way to generate squeezed vacuum at light wavelengths
useful for a variety of applications, such as magnetome-
try [37, 38, 39, 46, 47] and discrete symmetry tests in
atomic systems [48, 49, 50].
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